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ABSTRACT
We present a full experimental characterization of the long-chain branched polyethylene melt 1840D in
controlled elongational flows, thereby confirming the results of an earlier investigation. Experiments
were performed at constant elongation rate, constant tensile stress and constant tensile force by use of
a Sentmanat Extensional Rheometer (SER) in combination with an Anton Paar MCR301 rotational
rheometer. Experimental limitations and the accessible experimental window are discussed. The
Wagner I model was used to model the experimental data. Predictions of the steady-start elongational
viscosity in constant strain rate and creep experiments are found to be identical, albeit only by
extrapolation of the experimental data to Hencky strains of the order of 6. For constant stress
experiments, a minimum in the strain rate and a corresponding maximum in the elongational viscosity
are found at a Hencky strain of the order of 3, and the elongational viscosity at the maximum, although
larger than the steady-state value, follows roughly the general trend of the steady-state elongational
viscosity. The constitutive analysis also shows that constant tensile force experiments reveal a larger
strain hardening potential than seen in constant elongation rate or constant tensile stress experiments.
This may be indicative of the effect of necking under constant elongation rate or constant tensile stress
conditions according to the Considère criterion.
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INTRODUCTION

Recently, we have analyzed the rheology of the low-density polyethylene (LDPE) melt 3020D
in elongational flow at constant elongation rate, constant tensile stress and constant tensile force1.
Here, we present a full rheological characterization of another LDPE melt, LDPE 1840D, in
controlled elongational flows, with the intention to confirm the results of our earlier investigation.
Elongational flow at constant rate conditions is widely used to characterize structural features
of polymer melts such as long-chain branching2-5, and efforts have been made to relate this type
of rheological characterization to the performance in polymer processing operations such as fiber
spinning, blow molding, thermoforming, film blowing, and foaming6-10, although most of these
processes take place under the condition of constant engineering stresses.
Tensile creep experiments, i.e. elongational experiments at the condition of constant true
tensile stresses, have also been reported, and comparison of steady-state elongational viscosities
measured at constant stress and constant elongation rate11-14, creep and creep recovery data15-18,
as well as failure and rupture mechanisms19 have been presented.
Elongation at constant engineering stress, i.e. “constant force elongation”, is of great
industrial relevance, since it is the correct analogue of steady fiber spinning as e.g. exemplified
by the so-called Rheotens test20-23: In fiber spinning at constant draw-down force, a material
element experiences the same deformation condition in a spatial (Eulerian) reference frame as a
material element in constant force elongational flow, i.e. fiber spinning is the Eulerian equivalent
of Lagrangian constant force elongational flow24. Therefore, while elongational flow at constant
strain rate and constant stress conditions allows the determination of well-defined material
20
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functions such as tensile stress growth coefficient and tensile creep compliance, constant force
elongation represents an important test condition in its own right for polymer melt
characterization in relation to processing behavior. Constant force extension has been the subject
of several theoretical analyses24-27. However, to the best knowledge of the authors, the only
works presenting a comparison of experimental data of constant force elongation of polymer
melts to predictions of a constitutive equation was presented by Raible et al.28 30 years ago, and
recently by Wagner and Rolón-Garrido1,29.
The experiments to be reported here were performed by use of the Sentmanat Extensional
Rheometer (SER)30 in combination with the Anton Paar MCR301 rotational rheometer in three
different elongation modes: constant strain rate, constant stress and constant tensile force. We
present experimental data for the long-chain branched polyethylene melt 1840D. To analyze and
compare the experimental data, we use the Wagner I equation, i.e. the damping function
approach31.

EXPERIMENTAL DATA

The linear-viscoelastic characterization of LDPE 1840D and a master curve at the reference
temperature of 170°C have been reported earlier5. The partial relaxation moduli g i and relaxation
times i as well as the (calculated) zero-shear viscosity  0 are presented in Table 1 together with
the molecular characterization of the melt.
To perform elongational deformations, a Sentmanat Extensional Rheometer (model SER2-P
universal testing platform from Xpansion Instruments) was used, which is a dual windup
extensional rheometer tailored to an Anton Paar MCR301 rheometer equipped with a CTD450
convection oven. The protocol for correcting the effects of thermal expansion and of pre-stretch
to minimize sagging is described elsewhere5. All elongational experiments were performed at
170°C. The constant elongation rate data of LDPE 1840D are the ones presented by RolónGarrido et al.5. For the constant stress elongational experiments, the true stress  0 was kept
21
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constant in the range between 5,000 and 70,000 Pa. In the case of the constant force elongational
experiments, the value of the torque M, which is proportionally to the tensile force F according
to
σ0 

M
F

2RA A

(1)

was the variable kept constant so that the engineering stress  0 is in the range between 5,000
and 70,000 Pa. R is the radius of the drums and A the cross-sectional area of the sample at room
temperature. Note that although we report the engineering stress at room temperature in the
following, due to thermal expansion the engineering stress at the measuring temperature
 ρ
T=170°C is reduced by a factor  
 ρ0 

2/3

 0.84 , where  0 the density of the sample at room

temperature and  the melt density of the polymer at T=170°C32,33.
Because the experiments were stopped before one full revolution of the drums, i.e. before
the sample is wound up onto itself, the maximum accessible Hencky strain ε is limited to ε  4 .
Two to five measurements per elongational rate, constant true stress or engineering stress were
performed to verify reproducibility of the tests. The test conditions were thus equivalent to the
test conditions used in our earlier work1 on LDPE melt 3020D.
THEORY

For simplicity and for comparison with earlier results of Raible et al.28, the constitutive
equation used here is the so-called Wagner-I model34
t 

 (t )   m(t  t´)h( I1 , I 2 )C t 1 (t´)dt´

(2)



which was also in our earlier work1 on LDPE 3020D and is summarized here for the convenience


of the reader.  (t ) is the extra stress tensor, and m(t  t´) is the memory function related to the
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linear-viscoelastic relaxation modulus G(t ) , which will be represented in the following by a sum
of the discrete relaxation modes given in Table 1,

TABLE 1. Molecular characterization and relaxation spectrum of LDPE 3020D obtained by dynamic shear
measurement at a reference temperature of 170°C5
LDPE 1840D
Mw=490 kg/mol
Mn=16 kg/mol
Mw/Mn=30.6
Tm=110°C

 0  2.133x105 Pa  s



d G(t  t´) N  g i
m(t  t´) 
  
dt´
i 1  λi



 e


g i (Pa)

i (s)

1.819x105

7.922x10-4

6.192x104

5.241x10-3

3.968x104

2.446x10-2

2.437x104

1.132x10-1

1.438x104

5.190x10-1

7.518x103

2.455x100

3.665x103

1.170x101

1.347x103

1.041x102

 ( t  t´)
λi

(3)

The relative Finger tensor C t 1 (t´) takes into account affine deformations of material lines.
The damping function h( I1 , I 2 ) , which depends on the first and second invariant I 1 and I 2 of
the Finger tensor, expresses the loss of connectivity in the structure of the temporary polymer
network due to deformation34,35. For a review on the concept of damping functions in rheology
see Rolón-Garrido and Wagner31.
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This model has already been applied previously to study constant tensile force
experiments28,35. The particular choice of the model is not critical for the analysis of the
experimental data presented in the following, as long as the model does provide an accurate
description of material behaviour. In uniaxial extension and based on experimental data of a
LDPE melt, the damping function hu can be expressed as36

hu ( )  a exp(2 )  (1  a) exp(m )

1

(4)

For typically values of the parameter a<<1 and of the parameter m<<2, m represents the
slope of the damping function at small and medium Hencky strains ε . The parameter

a  exp(2ε0 ) defines the Hencky strain ε 0 at which the transition to a steady-state elongational
viscosity begins. For constant elongation rate experiments, the true stress σ (t ) is given by

σ (t ) 

 m(t  t´)h (ε )exp(2ε
t 

u

t ,t '

t ,t '



)  exp( εt ,t ' ) dt´

(5)



ε t ,t ' is the relative Hencky strain ε(t )  ε(t ' ) between times t and t’, which for a constant strain
rate ε is prescribed as εt ,t '  ε(t  t ' ) . For constant strain rate flows, the integral can be inverted,
and the damping function can be calculated from experimental data obtained in constant
elongation rate flow starting at time t=0 by36


1ε
m(ε' / ε)

σ (ε ' )
dε'

2



ε


0
G(ε / ε)
 G(ε' / ε) 


hu (ε) 
exp(2ε)  exp( ε)
σ (ε )

(6)

For constant stress experiments starting at time t=0, the true stress σ (t ) is constant,

 (t )   0   m(t  t´)hu ( t ,t ' )exp(2 t ,t ' )  exp( t ,t ' )dt´
t 
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In this case, the left hand side of Eq.(7) is prescribed, and the Hencky strain  (t ) can be
calculated from Eq.(7) by a numerical inversion routine, the details of which have been reported
earlier36.
For constant tensile force experiments starting at time t=0, the true stress increases with the
deformation according to

σ (t )  σ 0 exp(ε(t )) 

 m(t  t´)h (ε )exp(2ε
t 

u

t ,t '

t ,t '



)  exp( εt ,t ' ) dt´

(8)



The unknown Hencky strain  (t ) , which appears on the left and the right side of Eq.(8) can
again be calculated by a similar numerical inversion routine36.
At first instant, a viscoelastic material suddenly subjected to a tensile stress reacts elastically,
i.e. at time t  0 , the strain rate ε is infinite. Immediately after the elastic step, i.e. at time

t  0  , the strain rate is given by24, 28

ε(t  0 ) 

σ0 
i

2

gi
λi





  g i   (t  0 )  2 (t  0 )  2
 i




(9)

 (t  0 ) is the relative stretch after the elastic step-strain deformation, which can be
approximated for small N by

(t  0)  1  N  N 2  ...

(10)

with

N

0
3 g i

(11)

i
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RESULTS AND DISCUSSION
Experiments at Constant Elongational Rate

Elongational viscosities determined for LDPE 1840D at constant elongation rates are
presented together with the predictions of the constitutive model according to Eq.(2) in Figure 1.
The nonlinear parameters used are summarized in Table 2. It is seen that the model allows for an
excellent representation of the experimental data for all elongation rates investigated.
The experimentally determined damping function as calculated from the constant elongation
rate data by use of Eq.(6) are shown in Figure 2, which proofs that the data are perfectly timedeformation separable in the experimental window accessible, i.e. up to a Hencky strain of
roughly 3.5.
TABLE 2 Nonlinear parameters fitted to constant tensile force and constant strain rate data.
Sample

m

ε 0 at constant force

ε 0 at constant strain
rate / constant true
stress

LDPE 1840D

 [Pa s]

106

105

0.38

2.76

 [s-1]
8
5
3
2
1
0.5
0.3
0.2
0.1
0.05

2.44

LDPE 1840D

104
10-1

100

101

102

t [s]

FIGURE 1. Elongational viscosity data (symbols) as a function of time for constant strain-rate elongation.
Continuous lines indicate predictions of Eq.(1) with non-linear parameters given in Table 2.
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FIGURE 2. Damping function of LDPE 1840D calculated from elongational viscosity data (symbols)
according to Eq.(6). Continuous line indicates predictions of Eq.(4) with non-linear parameters given in
Table 2.
Experiments at Constant Stress

The experiments at constant true stress  0 , also called creep experiments, were performed in
an experimental window of  0 between 5,000 and 70,000 Pa. The Hencky strain ε as a function
of time is presented in Figure 3. Experimental data for LDPE 1840D are presented as
discontinuous lines, and predictions of Eq.(7) as continuous lines, respectively. The experimental
data are highly reproducible. There is a marked overshoot at the beginning of the experiment due
to inertial effects of the rheometer, as already reported earlier1. At higher stresses, i.e. at 50,000
and 70,000 Pa, a small second overshoot is also visible.
The start-up of the instrument and the overshoot of the experimental data is more clearly seen
when plotting the logarithm of the Hencky strain ε as function of time (Figure 4). The start-up
time increases with increasing stress: it takes 0.7s at 5,000 Pa and 2s at 70,000Pa, before the
instrument overcomes the inertial effects and the data show the expected behaviour. Agreement
of predictions of Eq.(7) with experimental data is excellent up to stresses of 40,000 Pa. At higher
stresses, the significant experimental overshoot causes persistently exaggerated values of the
27
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Hencky strain than predicted by the model. This is clearly a limitation of the experimental set-up,
and confirms the findings of our earlier investigation on LDPE 3020D1.
5
LDPE 1840D
4

0 [Pa]
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50000
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 [-]

3
2
1
0

10-1

100

101

102

103

t [s]
FIGURE 3. Hencky strain ε as function of time for elongation of LDPE 1840D at constant true stress  0 .
Broken lines represent experimental data. Continuous lines indicate predictions of Eq.(7). True stress σ 0
is increasing from right to left.
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FIGURE 4. Logarithm of Hencky strain ε as function of time for elongation at constant true stress  0 .
Broken lines represent experimental data for LDPE 1840D. Continuous lines indicate predictions of Eq.(7).
True stress σ 0 is increasing from right to left.
28

Wagner and Rolón-Garrido, e-rheo-iba, 1 (2013) 19-38

The measured strain rates ε as a function of time are presented for some representative creep
experiments in Figure 5, and are compared to predictions of Eq.(7). It is seen that even after the
initial overshoot, the measured strain rates oscillate, and the oscillations are the stronger, the
0.4

 [s-1]

0.3

0 [Pa]

LDPE 1840D

5000
10000
20000
30000
40000
50000
70000

0.2

0.1

0.0 0
10

101

102

103

t [s]
FIGURE 5. Strain rate ε as a function of time for elongation at constant true stress  0 . Broken lines
represent experimental data for LDPE 1840D. Continuous lines indicate predictions of Eq.(7). The true
stress σ 0 is increasing from bottom to top.

higher the imposed stress. As reported earlier1, this is an effect of the system control of the
rheometer: As the strain increases, the torque of the rheometer has to decrease in order to keep
the true stress constant. The oscillations are therefore caused by the control loop. The predictions
of Eq.(7) describe correctly the average trend of the experimental data. As expected, the strain
rate decreases with time, and the decrease is more pronounced for higher stresses imposed.
In Figure 6, the strain rate ε is displayed as a function of time for elongation at constant true
stress  0 in a log-log plot for a wider range of stresses, namely from 5,000 to 90,000 Pa and
based on predictions of Eq.(7). After the decrease of the strain rate, a minimum is achieved
followed by an overshoot. This effect is stronger and occurs earlier for higher values of imposed
stress. Subsequent to the overshoot, a constant value of the strain rate is reached.
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In correspondence to the elongation rate, which shows a minimum, the elongational viscosity
in creep experiments features a maximum, if plotted as a function of time or, as shown in Figure
7, as a function of Hencky strain. The maximum occurs at Hencky strains between 2.5 and 3.5,
with the Hencky strain at the maximum increasing with increasing tensile stress, and is followed
by a slight undershoot before a steady-state is reached at a Hencky strain of about 6. In
elongational experiments, which are limited to strains of 3 or 3.5, this maximum can easily be
0 [Pa]

5000
10000
20000
30000
40000
50000
70000
90000

LDPE 1840D

 [s-1]

10-1

10-2
100

101

102

103

t [s]
FIGURE 6. Predictions of the strain rate ε as a function of time for elongation at constant true stress  0
according to Eq.(7). The true stress σ 0 is increasing from bottom to top.

confounded with a stationary value of the elongational viscosity, especially if plotted as a
function of t in a linear plot. However, the true stationary strain rate and the true tensile viscosity
are only reached at a considerably higher Hencky strain of the order of 6.
The predicted steady-state elongational viscosities in constant elongation rate and constant
tensile stress mode are presented in Figure 8 as a function of the strain rate. As expected,
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FIGURE 7. Prediction of elongational viscosity as a function of Hencky strain ε for elongation at constant
true stress  0 according to Eq.(7).
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FIGURE 8. Prediction of steady-state elongational viscosities as a function of strain rate in constant
elongation rate and constant tensile stress mode. The maximum viscosity reached in constant tensile
stress mode is also shown.

excellent agreement is found, i.e. the steady-state elongational viscosity can be determined by
both constant elongation rate and creep experiments, provided that the measurements extent to
large enough Hencky strains. Also shown in Figure 8 is the maximum viscosity reached in
31

Wagner and Rolón-Garrido, e-rheo-iba, 1 (2013) 19-38

constant tensile stress mode. The difference between steady-state viscosity and maximal
viscosity is seen to first increase with increasing viscosity and then to stay constant in the regime
of decreasing viscosity, i.e. at higher strain rates, again confirming our earlier results on LDPE
3020D1.
Experiments at Constant Force

Wagner and Rolón-Garrido29 have already reported results of measurements at constant
tensile force using the same low-density polymer melt, which are summarized in the following.
The true stress  is plotted as a function of elongation rate ε in Figure 9, with σ 0 being now the
constant engineering stress. Predictions of Eq.(8) with the damping function parameters given in
Table 2 are represented by solid lines.
As already reported29, three different deformation regimes can be identified: In regime 1, the
strain rate decreases starting from the maximum value according to Eq.(9). This regime
corresponds to elongation at constant true stress, as the cross section of the test sample changes
only marginally, and constant engineering stress and constant true stress experiments are nearly
equivalent. The steady-state elongational stress as expected for constant tensile stress and
constant elongation rate experiments is indicated in Figure 9 by the thick solid line, and the full
dots on this line correspond to the constant tensile stresses, which are equivalent to the
engineering stresses. At larger values of the engineering stress σ 0 , the experimental data show
first an increase of the elongation rate followed by a decrease in correspondence with the start-up
behavior of the instrument as already discussed in the case of constant tensile stress experiments.
After having reached a minimum strain rate, the constant tensile force experiment then enters
into “regime 2”, where the stress increases by an order of magnitude approximately according to
a power law. The exponent of the power law, i.e. the slopes of more or less straight lines in the
double-log plot of Figure 9, increases with increasing engineering stress starting from a value
close to one.
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FIGURE 9. True stress as function of strain rate ε for constant force elongation with F0   0 A0 . Broken
lines represent experimental data for LDPE 1840D. Continuous lines indicate predictions of eq.(7).
Engineering stress σ 0 is increasing from left to right.

Note that in regime 2, the strain rate is approximately constant for larger engineering stresses,
and constant force elongation approximates constant elongation rate flow. Regime 2 ends when
the viscosity reaches a maximum value29. The stress then increase in “regime 3” again according
to a power law, however now with an exponent less than one.
It should be noted that the steady-state stress curve as predicted for constant stress and
constant elongation rate experiments seems to represent an envelope of the constant tensile force
data.
To contrast experiments in constant strain-rate and constant force mode, the elongational
viscosity data obtained by experiments performed at constant elongation rate from Figure 1 are
compared to predictions of the Wagner-I model according to Eq.(5) by using the nonlinear model
parameters (Table 2) obtained by fitting constant tensile force experiments (Figure 10). While
the parameter m of the model is the same for constant strain rate and constant force mode,
significant differences exist for the parameter ε 0 . To describe experiments in constant tensile
force mode, larger values of ε 0 are needed than in constant strain rate mode, indicating that
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constant tensile force experiments reveal a stronger strain hardening potential than constant
strain rate experiments. While the start-up of strain hardening is modeled correctly, experimental

 [Pa s]
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105

 [s-1]
8
5
3
2
1
0.5
0.3
0.2
0.1
0.05

LDPE 1840D

104
10-1

100

101

102

t [s]

FIGURE 10. Elongational viscosity data (symbols) of LDPE 1840D as a function of time for constant strain
rate elongation. Continuous and broken lines indicate predictions of Eq.(7) with parameters (Table 2) for
constant tensile force and constant strain rate deformation modes, respectively.

elongational viscosity data measured at constant strain rate are clearly lower at larger strains than
inferred from constant tensile force experiments.
As seen from Figure 11, deviations between the damping function calculated from
experimental data in constant elongation rate experiments and the analytical representation of the
damping function according to Eq.(4) with model parameters from constant tensile force
experiments, start at Hencky strains of approximately   2.5 . Therefore we can conclude that
the deviations seen between constant force elongation and constant strain rate elongation are not
related to the issue of the existence of a maximum in the constant strain-rate elongational
viscosity at Hencky strains of approximately ε  3.5 and larger as reported by Rasmussen et al.37.
The underestimation of the effective strain-hardening effect observed in constant strain-rate
elongation in comparison to constant tensile force extension may be due to the effect of necking
under constant elongation rate conditions. In line with this we note that the difference in the
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values of ε 0 (Table 2) between the two modes of operation is smaller for LDPE 1840D than for
LDPE 3020D29. This may be due to the fact that LDPE 1840D shows for Hencky strains up to
2.4 a stronger strain hardening effect than LDPE 3020D, which may stabilize constant strain-rate
flow and delay necking to larger Hencky strains in the case of LDPE 1840D.
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FIGURE 11. Damping function calculated from elongational viscosity data (symbols) according to Eq.(6).
Continuous and broken lines indicate predictions of Eq.(4) with parameters (Table 2) for constant tensile
force and constant strain rate deformation modes, respectively.

CONCLUSIONS

A full experimental characterization of long-chain branched polyethylene melt 1840D in
controlled elongational flows was presented. Within experimental limitations, constant
elongational rate, constant tensile stress and constant tensile force experiments can be performed
reproducibly by use of a Sentmanat Extensional Rheometer (SER) in combination with an Anton
Paar MCR301 rotational rheometer. For the polymer melt investigated here, we found an
accessible experimental window of elongational rates of 0.05s 1    8s 1 and constant true
tensile stresses or engineering stresses in the range of 5,000Pa  σ 0  70,000Pa . Maximum
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Hencky strain ε is limited to ε  4 . While constant strain rate experiments seem to deliver a
smooth torque signal, constant true tensile stress tests lead to damped oscillations of the resulting
strain rate as well as a marked start-up overshoot of the Hencky strain at higher stresses, which
results in persistently exaggerated values of the Hencky strain for the rest of the experiment. In
spite of similar state-up effects in the case of constant engineering stress experiments, the
instrumental set-up of a torque controlled rheometer seems to be more appropriate for this type
of tests as constant force experiments require a constant torque, which confirms earlier results1. It
is interesting to note that constant force experiments, which can be subdivided in three
deformation regimes, comprise some parts of polymer melt characterisation at constant tensile
stress and at constant strain rate: The first regime corresponds to constant tensile stress
deformation with the elongation rate decreasing from a maximum value to a minimum one, and
the second regime approximates constant elongational rate flow. In the third regime, the polymer
melts seems to behave as a viscous fluid with a power-law exponent less than one.
The experimental data show time-deformation separability and can be modelled accurately by
use of the Wagner I model, i.e. the damping function approach, in all the deformation modes
investigated. Predictions of the steady-start elongational viscosity in constant strain rate and
creep experiments are found to be identical, albeit only by extrapolation of the experimental data
to Hencky strains of the order of 6. For constant stress experiments, a minimum in the strain rate
and a corresponding maximum in the elongational viscosity are predicted at a Hencky strain of
the order of 3, which, although larger than the steady-state value, follows roughly the general
trend of the steady-state elongational viscosity.
This constitutive analysis of elongational data for LDPE 1840D confirms earlier findings for
another LDPE melt, LDPE 3020D1. It also confirms conclusively that constant tensile force
experiments indicate a larger strain hardening potential than seen in elongational rate or constant
tensile stress experiments. This may be indicative of the effect of necking under constant
elongation rate or constant tensile stress conditions according to the Considère criterion, an issue
that it deserves more attention in future works.
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